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Introduction

M EASUREMENTS of the motion paths of agile targets
show motion at roughly constant speed for extended

intervals. An osculating path is created by turning at different
rates and at different times. A tractable model of such (planar)
motion is given by the forth-order stochastic differential equa-
tion

0 0
0 0
0 0
0 0

1
0
0

0 1
1

-co*
0

'0 0'
0 0
1 0
0 1

(D

where {X, Y} are position coordinates, and { VXJ Vy} are associ-
ated velocities. The target is subject to two types of acceleration:
a wide band omnidirectional acceleration represented by a
Brownian motion { w X 9 wy} with intensity W (dw dw' = Wdt),
and a maneuver acceleration represented by the turn rate process
{<D^ }. The former influences both the speed and the direction
of the target, and fits well within the linear-Gauss-Markov
(LGM) modeling framework. The latter is troublesome because
the sample paths of the maneuver process are better described
by assuming that they are piecewise constant, taking on values
from a fixed set of turn rates; aty e {a\, ..., aK} (see Ref. 1
and the references therein). Treating the maneuver as an additive
disturbance neglects the strict coupling between the direction
of the acceleration and the velocity vector.

An image-enhanced tracking problem has been explored in
numerous references using a dual-path architecture (e.g., Ref.
2) in which one path maps the image processor outputs into a
maneuver estimate. The other path maps range-bearing data
into an estimate of target location, with the image-information
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used to adjust the gains and biases in the position path. In a
series of studies, it has been shown that the image-enhanced
algorithms promise performance superior to that attainable from
a tracker using range-bearing measurements exclusively. Image
algorithms studied ranged in complexity from simply adding the
image-based maneuver acceleration estimate to a conventional
extended Kalman filter (EKF) (Ref. 3) to adding mean accelera-
tion and augmenting W with image-based "pseudonoise,"
(called EKFp in Ref. 4) and, finally, to one which used several
unconventional error moments to adapt the gains of a Kalman
filter (called EKFA in Ref. 5). The order in which the trackers
are listed is indicative of both the tracking performance and
the complexity of the algorithm.

Each of the referenced algorithms was derived on the basis
of a Markov maneuver model. The sojourn times of a Markov
process are exponentially distributed, and there is a strong
likelihood of short modal lifetimes. Paths of agile targets do not
have this macroscale behavior. There is little evasive purpose for
maneuvers which are short with respect to the response dynam-
ics of the vehicle; the duration of turns are unpredictable but,
clearly, not exponentially distributed. A better representation
of the maneuver sojourn time is provided by a -y density; a two
parameter family y(t;R, A), in which R controls shape and A
controls time scale: y(rJR, A) = /^ojAUX/Or^Af)*"1

exp(-Af); /?, A > 0. The mean of a gamma distributed random
variable is v = R/ A, and because it has a more intuitive connota-
tion, v will be used instead of A to indicate the time scale.
Figure 1 shows three y densities with v = 1. The maneuver
sojourns described by the first (R = 1) would generate the
Markov model used in the indicated references. The second
(R — 2) dramatically reduces the frequency of very short life-
times, and the third curve (R = 5) is sharply peaked, with more
quasipredictable intervals. The densities with R > 1 mirror
more closely the turn intervals for an agile target. This paper
compares non-Markovian (R> 1) tracking algorithms with
simpler Markov (/? = !) versions on a coast-turn-cost path. It
has been shown that the performance of EKFp improves with
a non-Markov maneuver model (Ref. 6). Unfortunately, the
R > 1 algorithms are more complicated to implement, and this
is particularly true for the EKFA tracker. It is shown here that
a simple (Markov) EKFA is superior to the EKFP even when
the latter uses a nonMarkov acceleration model. An EKFA for
R>1 has improved response, but not to a degree commensurate
with the increase in algorithmic complexity. This relative
improvement is found even when as the realized sojourn times
differ from their mean values. This suggests that the simplest
EKF is a suitable for applications that are not well described
by a Markov model.
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Fig. 1 Gamma densities for different values of R.
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Review of Measurement Models and
Tracking Algorithms

In this application it will be assumed that range and bearing
are measured from a fixed location with independent Gaussian
errors. For use in an EKF, this measurement is localized; the
"linearized" measurement takes the form

At an image measurement:

V, = Dxt + nt (2)

at observation times. In Eq. 2, { n t } is a white noise measurement
noise with covariance Rx > 0.

The image-link maps a sequence of measurements of the
angular orientation of the target with respect to the sensor-
target line of sight into an estimate of maneuver status. In
summary, this is done as follows. The image processor receives
data frames at a rate of X frames/s, and places each image into
one of L equally spaced orientation bins. The output of the
image processor can be written as an L-dimensional counting
process {a,}, the /th component of which is the number of
times the target has been placed in angular bin i on the interval
[0, t]. Denote the true orientation bin at time t by the indicator
vector p,; p, = e{ if the current target orientation is in the /th
bin. (Let et be a unit vector with a 1 in the /th component in
the appropriate space.) The quality of image interpretation is
determined by the L X L discernibility matrix p = [p^] where
Pij is the probability that bin / will be selected by the processor
if bin j contains the true target orientation at time of image
creation;/7y = p(A(T/ = 1/p = ej). The precision of motion
inference is a function of three things: the frame rate X., the
ability of the image to correctly classify a single image p, and
the tempo of the encounter.

The sequence of imager outputs is interpreted by a temporal
processor to give the relative likelihoods of the various rate
modes using a fairly simple procedure. Denote the information
pattern generated by {a,} by {Z,}, and the conditional expecta-
tion of the various processes with respect to the appropriate
observation by a caret superscript. Denote the maneuver mode
by a,, a ^-dimensional unit vector indicating the current turn
rate; if co^ = ah then a, = et. The composite maneuver status
of the target is given by {<(>,} = {a, (x) p,}, the Kronecker
product of maneuver and orientation. For a specific turn rate
(a, = ei), suppose the angular bin sequence is a Markov process
with generator Ql. Then {<)>,} is a Markov process with KL X
A'L-dimensional generator Q = (q (x) 7L) + diag(QO where
the second term is to be interpreted as block diagonal. It is
shown in Ref. 7 that the Z, conditional mean of [ $ t } is generated
by the equation involving a process {ft,} constant between
observations and increments given by Aft, = \p'diag(\~{) ACT.
This is specifically as follows.

Between observations:

At an observation time:

4>+ =

(3a)

(3b)

The conditional probabilities of the various turn rates can be
extracted from {£,}: d, = [p{<«ty = 0,-IZ,}] = (7K ® IJDfa.
The gain-adaptive tracker EKFA (detailed in Ref. 5) is given
by the following algorithm:

Between observations:

d*,=

At a location measurement:

A*, = ' +

(4a)

(4b)

*,- = P^Aft, (4c)

where Av, = yt — Dxt is the increment in the innovations
process, and P^ and /% are second central moments of the
estimation error. The tracker updates come as a complementary
pair: location and image. The location update has a conventional
form, whereas the image update involves increments in the
{ft,} process defined earlier. Note that the second moments
{ PK } and { P^ } must be computed to implement EKFA, and
this is not easy to do. The relevant equations are given in Ref.
5 and will not be repeated here. It is primarily in this calculation
that EKFA differs from the more conventional extended Kal-
man filters.

The simpler filter, EKFP , treats the acceleration as essentially
additive but augments the { P^ } calculation with the conditional
variance of the maneuver state.

Between observations:

dx, = At xt dt

At a location measurement:

AJC, - ' +

(5a)

(5b)

Although similar in appearance to Eqs. (4), the second moment
calculations are considerably different, with those of EKFP being
much more conventional than those of EKF^.

Use of a Non-Markovian Maneuver Model
To represent the maneuver dynamics within the framework

just developed, note that if {o^} is a finite state renewal process,
it is distinguished by two things; the sequencing of modes, e.g.,
/ —> j at time t (a, = e( and a, = e^ and the duration in each
maneuver mode. Both are unpredictable (random). In a renewal
process, the state sequence is Markovian with transition matrix
P: P^ = jp(i —>7 at f la e_ = e( and Act, =£ 0). The sojourn
times are independent given the "past" sequence of modal
transitions, and for the purposes of this study, duration of the
/th maneuver mode (/ e K) will be assumed to be gamma
distributed with integer index /?,. Instead of the single transition
rate matrix q, the maneuver dynamics are now characterized
by the pair {P, y(r, Rh v,-); / e K}.

If RI are all equal to 1, {a,} is a Markov process; if any of
the Ri are not 1, {a,} is non-Markovian. The non-Markovian
maneuver model can, however, be integrated into the earlier
algorithms by expanding the dimension of the maneuver state
space, creating set of submaneuvers. The true maneuver state
space is of dimension K. Associate to the set {R t: i e K} the
set of integers A = A{ U . . . U AK, where A\ = {1, . . . , / ? , } ,
A2 = {R\ + 1, • . . R\ + #2} and so on; each substantive
maneuver mode is decomposed into /?, pseudomodes, each of
which is associated with the same turn rate. The ^-renewal
process is Markov in the larger state space. To find its generator
q define for every p e K the maximum and minimum pseu-
domode indices, rp = min*(A; e A/>), and sp = ma\k(k e AP).
Then rp is the entrance state into the pth maneuver, and SP is
its exit. Note that the dimension of the ^-renewal model is SK.
To maintain both the mean sojourn times and the sequencing
of modes implicit in q, q should be chosen as follows: qy =
[1) Rpqpp if 1,7 e \ and 7 = /; 2) -Rpqpp if 1,7 e \p and 7 =
i + 1; 3) Rpqpk if / = sp, j = rk and p =£ k\ or, finally, 4) 0
otherwise]. With these changes EKFA and EKFP can be deduced
by replacing the generator of the (maneuver X orientation)
process by the (sKL X sKL) matrix & = (q (x) IL) + diag(&')
where a* = Q if JfceA/. Note that the calculation of {d,} goes
up as sK/K, and this calculation is common to both EKFA and
EKFp. In EKFp it is not necessary to compute a full set of
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Fig. 2 Location performance; EKFP and EKFA for R = 1 and R
= 4.
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Fig. 3 Velocity errors vs time: EKFP and £KFA for R = 1 and,
= 4.

to be slight: W = 0.017 (m/s2)2. The maneuver state space will
be three dimensional; { a\ = coast, a2>3 = —0.3 rad/s}, with the
chain {a, } symmetric about the coasting mode. The elements of
the q matrix are determined jointly by the mean sojourn times
in each acceleration mode; [v,, i = 1, 2, 3; v2 = v3 }, and the
transition probabilities from a maneuver to the nonmaneuvering
mode. Let q{ = £?(a, = e\\at - e2 and Act, ^ 0). Then #,
measures the fraction of times that a maneuver ends in a coasting
motion; e.g., q\ = 0 implies pure jinking motion, and q\ = 1
always interjects coasting between turns. Specifically, consider
an encounter with the following tempo: V j = 20 s, v2 = 10 s,
q, = 1.0.

The renewal lifetime model selected will be given by the -y-
renewal functions for R = 4. Figure 2 shows the response of
four trackers to the (a,); l->3-»l scenario: EKFP and EKFA for
R = 1 and R = 4 [labeled P (alternately A ): 1 (alternately 4)].
To display biases, 20-trial mean sample paths are shown rather
than the (noisier) single sample paths. All of the filters perform
well in the premaneuver phase but deviate both during and
after a turn. Figure 3 shows corresponding velocity profiles,
and the EKFP curves are not good. As in position, EKFA (R =
4) is superior to its fellows in peak performance. It is better
than EKFp during the turn and much quicker to reduce transient
errors to manageable levels. Performance improvement of EKFA
is, however, not commensurate with complexity; i.e., R. Though
not shown, the relative response of {a,} for longer or shorter
sojourns is easily found. For off-nominal conditions, EKFA is
surprisingly robust. Although not shown here, the { P^ } process
computed for EKFA (R = 4) differs little from that shown in
Fig. 8 of Ref. 5. The explanation for the improvement in EKFA
with R derives more from the mixed moment P .

Conclusions
This paper studies the performance improvement attainable

from an image enhanced tracking filter as the maneuver model
is made more accurate. In contrast with simpler implementa-
tions, the gain adaptive extended Kalman filter (EKFA) does
well even when a Markov model is used. This filter appears
to be sufficiently robust as to not need the additional computa-
tion that a high accuracy maneuver model entails. This is fortu-
nate, because the computational load of the algorithm goes up
rapidly as the maneuver sojourns differ from exponential.

moments, but the number of the second moment matrices in
EKFA increases rapidly with

Performance Comparison of the Extended
Kalman Filters

Consider a coast-turn-coast path studied in the references.
The target is initially located at (X0, F0) = (1.0, 6.4) km, and
moving at constant velocity (VxQ , Vy0) = (5.0, - 13.3) m/s for
t E [0, 10) s. A 0.3 rad/s turn is made during t e [10, 20),
after which the target returns to constant velocity motion. Figure
2 shows the target path (labeled truth) without the wideband
acceleration. Tracking will be accomplished with range-bearing
and image measurements taken at a 10/s rate from sensors
located at (0, 0). Location errors have standard deviation
5.0 m and 0.25 deg, respectively. The imager places the target
in angular bins of width 30 deg. A taxonomy used in Ref. 5
considers errors of three types: uniformly distributed errors
across the angular bin set; nearest neighbor errors in which the
target is placed in a neighboring angular bin; and projection
error in which the target is placed symmetrically with respect
a perpendicular to the line-of-sight. Specifically, suppose the
error triple is (0.01, 0.03, 0.29); the imager misclassifies its
observation one-third of the time.

The tempo of the encounter is determined by the acceleration
dynamics. The omnidirectional accelerations will be assumed
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